We provide cubature formulae for the calculation of derivatives of expected values in the spirit of Terry Lyons and Nicolas Victoir. In financial mathematics derivatives of option prices with respect to initial values, so called Greeks, are of particular importance as hedging parameters. The proof of existence of cubature formulae for Greeks is based on universal formulae, which lead to the calculation of Greeks in an asymptotic sense-even without Hörmander's condition. Cubature formulae then allow to calculate these quantities very quickly. Simple examples are added to the theoretical exposition.
Introduction
Cubature formulae provide approximative values for integrals with respect to a given measure. The well-developed theory of cubature formulae in finite dimensions was recently applied to provide cubature formulae on Wiener space by Lyons & Victoir (2004) in their seminal article. Cubature formulae are based on the basic observation that any diffusion can be constructed-up to given highorder time asymptotics-by a superposition of iterated Stratonovich integrals in well-specified directions. Hence, it is sufficient to obtain cubature results for those iterated Stratonovich integrals in order to obtain them for any diffusion. It is of crucial importance to realize then that the weighted points respect the geometry of the problem to obtain a deterministic, pathwise interpretation of the result. In the same spirit, we construct the well-known Malliavin weights-up to given (high) order of time asymptotics-through superposition of universal weights.
We briefly outline in this section the main results and possible applications. In the sequel, we shall always work with C N -bounded vector fields V i and C N -bounded functions f. Given a stochastic differential equation in R N of the type 
The constant in the order estimate depends in general on derivatives of f up to order mC1. Note also the important fact that the number r of trajectories can be bounded by a number depending on d and m, but not on N (see Lyons & Victoir 2004 for the precise estimate). Obviously, this procedure can be iterated for small time steps by the Markov property, which yields then a high-order numerical approximation scheme for the calculation of expected values Eðf ðY y t ÞÞ. In the hypo-elliptic case, we can calculate the derivatives of y1 Eðf ðY for bounded measurable f. Explicit formulae for p can be given by Malliavin Calculus (see for instance Malliavin & Thalmaier 2004; Gobet & Munos 2005) and are in principle well known for a long time (see for instance Bismut 1984 
(iv) Finally, we obtain a high-order approximation scheme for d de j eZ0 Eðf ðY yCev t ÞÞ through solving ordinary differential equations with estimate of the absolute error through
ð1:5Þ
The procedure only involves ordinary differential equations and knowledge on the cubature trajectories. By choosing m big enough, one can bound the difference mKk from below. Remark 1.1. A direct application of formula (1.1) is often very slow numerically in the purely hypo-elliptic case (see for instance Gobet & Munos 2005) . In the elliptic case, there are very efficient ways to simulate p (see Fournie et al. 1999) . Hence, in particular the purely hypo-elliptic case constitutes an interesting field of applications, since one does not need to worry about invertibility of the covariance matrix. Remark 1.2. For all cubature formulae, there are algebraic methods to determine the trajectories u j and the weights l j (or m j ) respectively. These methods are based on calculus in nilpotent Lie groups, which constitute the local model for hypo-elliptic diffusions in the sense of Gromov (see for instance the very well written monograph by Montgomery (2002) for a general outline, and Lyons (1998) and Baudoin (2004) for applications in the theory of-stochasticdifferential equations).
Cubature on Wiener space
Cubature formulae on Wiener space (see the seminal article by Lyons & Victoir 2004) rely on the analysis of hypo-elliptic diffusions on free, nilpotent groups on the one hand (see the recently published book by Baudoin 2004) , on the other hand on stochastic Taylor expansion (see for instance Ben-Arous 1989). Furthermore, the proof of a cubature formula on Wiener space appears as an application of Chakalov's Theorem on finite dimensional cubature formulae (see Bayer & Teichmann in press ). We state these three main ingredients and showin order to explain the mathematical background of cubature formulae-a sketch of the proof (following Lyons & Victoir 2004) .
We fix a probability space ðU; ðF t Þ 0%t%T ; PÞ together with a d-dimensional Brownian motion ðB i s Þ 0%t%T; iZ 1; .; d . We need the following notations for convenience.
(i) We abbreviate by A the set of all finite sequences I dði 1 ; .; i k Þ2 f0; .; dg k , kR0 and we define a degree function on A by degði 1 ; .; i k Þ dk C #fl with i l Z 0g; which simply means that the zeros appearing in (i 1 , ., i k ) are counted twice. Additionally, we define deg(0 /)Z0. We define a semi-group structure on A via:
(ii) We denote by A where the series converges everywhere due to the nilpotency relations. We define the logarithm on elements x with x 0 s0. We identify x 0 with a real number, so the series In order to see the relation between free, nilpotent Lie groups on the one hand and asymptotic analysis as tY0 on the other hand, we formulate stochastic Taylor expansion (see Ben-Arous 1989; Baudoin 2004) , which simply results from iterating the defining equations for a stochastic differential equation.
Theorem 2.1 (stochastic Taylor expansion). Given C N -bounded vector fields
on R N , then the diffusion process
N admits the following series expansion: for nR1 and f 2C
holds true for 0%t%T. Additionally ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi EðR n ðt; f Þ 2 Þ q Z Oðt ðmC1Þ=2 Þ, where the constant in the order estimate depends on the (mC1)st derivative of f.
Remark 2.2. The above procedure works for 'any' differential equation (see the literature on rough paths, for instance the seminal work of Lyons 1998), in particular, if we consider the non-autonomous, ordinary differential equation
for a H 1 -trajectory u : ½0;T/ R dC1 , we have that for nR1 and f 2C
holds true for 0%t%T. Notice here that in order to obtain an asymptotic expansion (for a given fixed trajectory u) of certain order in time t, one has to change the degree function.
Example 2.3. If we apply this series expansion to the process X x t in the vector space A m d;1 , we obtain for any linear function l :
for 0%t%T, almost surely, by duality. This formula provides a nice stochastic representation of the solution of equation (2.1), where we apply that G 
for all x 2A m d;1 and tR0. The heat equation itself admits an iterative construction similar to stochastic Taylor expansion, namely any solution u(t, x) with initial value u(0, x)Zf (x), where f is C N -bounded, can be written as
uðs 0 ; xÞds 0 .ds n :
In the case of fZl for a linear function l : A 
and hence exp t e 0 C 1 2
ð2:5Þ for 0%t%T, which is one basic formula for the construction of cubature formulae (see Lyons & Victoir 2004; Baudoin 2004) .
In order to obtain a cubature formula, we need a version of Chakalov's theorem (see Bayer & Teichmann in press for a short proof ).
Theorem 2.4. Fix a number mR1. Let m be a probability measure on R N such that moments up to order m exist, then there are points x 1 , ., x r 2supp(m) and weights l j O0 for jZ1, ., r, such that ð
for all polynomials on R N up to order m. Furthermore, r % dim R Pol m ðR N Þ, where Pol m ðR N Þ is the vector space of polynomials on R N with degree less or equal m.
On the basis of these preparations, we can define cubature formulae on Wiener space.
Definition 2.5. Fix mR1 and 0%t%T, a cubature formula on Wiener space is given by a finite number of points x 1 , ., x r 2G m d;1 and finitely many weights l 1 , ., l r O0, such that
or equivalently due to formula (2.5)
Furthermore, r % dim R A 
hence, the existence of cubature formulae for any mR1.
Finally, we apply Chow's theorem of sub-Riemannian geometry (see Montgomery 2002; Baudoin 2004) , which tells that every point x 2G 
This leads to a redefinition of cubature formulae, where we replace the points x i by endpoints of evolutions of ordinary differential equations Z 1 t ðu i ÞZ x i for iZ1, ., r. This is the announced pathwise interpretation of cubature formulae, which respects the geometry of the problem. Remark 2.6. As proposed in Lyons & Victoir (2004) , we could also find for any point x in the support of X Remark 2.8. Since cubature formulae define moment-generating families, we can apply the impressive results of Kusuoka (2001) on iterative numerical schemes for high-order Taylor methods yielding the estimate (1.5). However, Kusuoka's method does not respect the geometry of the problem, since only the moments of iterated Stratonovich integrals up to a certain degree are used.
Calculation of the Greeks
For the calculation of Greeks, we proceed by methods from Malliavin Calculus (see Nualart 1995; Malliavin 1997 for all details). We shall consider stochastic differential equations of the type Nualart 1995) . Furthermore, the outcome d(a) depends smoothly on y. & For the pull-back of the stochastic flow, we can provide a similar stochastic Taylor expansion on the space of vector fields as in §2, or-in the case of a Lie group-on the Lie algebra. We apply the following notation:
for IZ(i 1 , ., i k )2A. ; D ffi ffi
for tO0. We define the (non-adapted) strategies via
for 0%s%t, iZ1, ., d, and obtain 
In a similar way, the second-order estimate is calculated and we obtain by well-known formulae on the covariance between Skorohod integrals (see Nualart 1995, p. 39 The strategies are universal in the sense that they depend only on the Brownian motion, the choice of a scalar product on g m d;1 , and-in a linear way-on the 'input' direction w. We denote the Skorohod integrals of those strategies by p m d;1 ddðaÞ and call them universal weights. The time dependence is achieved by calculating the strategies with respect to the direction D ffi ffi t p w instead of w. We omit the dependence of p m d;1 on w in our notation. Example 3.8. We consider the simplest non-trivial example: mZ2 and dZ2. Hence, the nilpotent algebra is generated by W 0 Z h1i;
W 2 Z he 1 e 2 ; e 2 e 1 ; e 0 i; and the Lie algebra by e 0 , e 1 , e 2 , [e 1 , e 2 ]. The dimensions of A 2 2;1 and g 2 2;1 are six and four, respectively. We can solve explicitly
The pull-back yields a shorter expression, namely
t ; for 0%t%T, which can also be calculated directly. Consequently, the above equation reduces to find a Skorohod integrable strategy such that
for wZ w 1 e 1 C w 2 e 2 C w 3 ½e 1 ; e 2 . This can be done by introducing a scalar product on g m d;1 such that e 1 , e 2 , [e 1 , e 2 ], e 0 are an orthonormal basis. We then obtain the symmetric matrix with respect to the given basis, and we obtain the strategies via equation ( Then, we take the universal weight p dp hence the result, since due to proposition 3.6 we obtain-by the CauchySchwartz inequality and integration with respect to t-an order estimate of the type O(t (mC1)/2 ): indeed, the remainder satisfies
Cubature formulae for Greeks
First, we have to get expressions for derivatives of heat equation evolutions on free, nilpotent Lie groups, which is an easy task for linear functions by the considerations of §2. 
Furthermore, r % 2 dim R A m d;1 . Proof. We write pZ p m d;1 . We define two probability measures on Wiener space, absolutely continuous with respect to Wiener measure P:
if the respective positive and negative parts have non-vanishing expectation. Then
There is a null set N on Wiener space, such that on N c the process X e t 2G 
which yields the desired formula by proposition 4.1. & Remark 4.3. We can additionally require that P r iZ1 m i Z 0, P r iZ1 jm i j% EðjpjÞ and jm i j%E(jpj) for iZ1, ., r.
Hence, we can formulate a cubature result for the calculation of Greeks. or equivalently due to formula (4.1),
Again we use trajectories u i to represent the points x i as endpoints of evolutions of ordinary differential equations Z t (u i )Zx i for iZ1, ., r. Furthermore, r % 2dim R A Remark 4.6. Since we shall in practise apply this procedure to smooth functions-as discussed in the recipe after formulae (1.3) and (1.4)-this already yields the interesting result for applications.
Proof. By the previous constructions we obtain We then insert instead of e i , the vector fields V i and apply those vector fields to the function f at y 2R N . Then, we obtain on the left-hand side-due to stochastic Taylor expansion-and on the right-hand side due to Taylor expansion of the non-autonomous equation The left-hand side yields then the order estimate by partial integration and proposition 3.6, the right-hand side by the fact that iterated integrals with respect to u j behave like t (mC1)/2 . &
We additionally have an assertion on the construction of cubature paths due to the scaling properties. Assume that we found trajectories u i and weights m i for mR1, dR1 and tZ1 fixed, then we can construct solutions for all tO0 with the same m, d: the equation for f a C N b -function.
(b ) Example for mZ2 and dZ2
In order to demonstrate the method we calculate one example of the above methodology. First, we fix mZdZ2; hence we can include the calculations of example 3.8. We first fix a direction wZe 1 . Then, we find one solution of which can be given through rZ2, m 1 Z1/2, m 2 ZK1/2 and x 1 Z expð ffiffi t p e 1 Þ, x 2 Z expðK ffiffi t p e 1 Þ. Consequently, the trajectories are given by 
